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Abstract – The hyperbola represented by the binary quadratic 

equation 2752 22  yx  is analyzed for finding its non-zero 

distinct integer solutions. A few interesting relations among its 

solutions are presented. Also, knowing an integral solution of the 

given hyperbola, integer solutions for other choices of 

hyperbolas and parabolas are presented. Also, employing the 

solutions of the given equation, special Pythagorean triangle is 

constructed. 
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1. INTRODUCTION 

The hyperbola represented by the Diophantine equations of 

the form )0,,(,22  cbaNbyax  are rich in variety and 

have been analyzed by many mathematicians for their 

respective integer solutions for particular values of ba , and  

N . For an extensive review, one may refer [1-16]. 

This communication concerns with the problem of obtaining 

non-zero distinct integer solutions to the binary quadratic 

equation given by 2752 22  yx   representing hyperbola. A 

few interesting relations among its solutions are presented. 

Knowing an integral solution of the given hyperbola, integer 

solutions for other choices of hyperbolas and parabolas are 

presented. Also, employing the solutions of the given 

equation, special Pythagorean triangle is constructed. 

2. METHOD OF ANALYSIS 

The binary quadratic equation representing hyperbola is given 

by                                                                                                      

2752 22  yx                                                      (1)    

Taking   
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5
                                                     (2) 

in (1), it reduced to the equation  

  910 22                                       (3) 

The smallest positive integer solution  00 , XT  of (3) is 

                      ,1
0
       1

0
  

To obtain the other solution of (3), consider the Pellian 

equation 
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whose smallest positive integer solution is 
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The  general solution  
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 of (4) is given by 
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Since  irrational roots occur in pair , we have 
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From (5) and (6), solving for 
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 , we have
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 Applying Brahmagupta lemma between the solutions 
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is found to be 
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Using (7) and (8) in (2), we have 
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Thus (9) and (10) represent the integer solutions of hyperbola 

(1). 

A few numerical examples are given in the following Table: 

2.1 below: 

Table: 2.1 NUMERICAL EXAMPLES 

n  1nx
 1ny

 

-1 6 3 

0 204 129 

1 7746 4899 

2 294144 186033 

Recurrence relations for x and y are 

...1,0,1,038
123




nxxx
nnn  

 
...1,0,1,038

123



nyyy

nnn  

2.1 A few interesting relations among the solutions are given       

below 

1. 03019
121


 nnn
yxx  

2. 03019
221


 nnn
yxx  

3. 03072119
321


 nnn
yxx  

4.  01140721
131


 nnn
yxx  

5.  060
231


 nnn
yxx  

6.  01140721
331


 nnn
yxx  

7.  01912
211


 nnn
yyx  

8.  03019
221


 nnn
yxx  

9.  01972112
321


 nnn
yyx  

10.  0721456
311


 nnn
yyx  

11.  03019721
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 nnn
yxx  

12.  03019
232


 nnn
yxx  

13.  03019
332


 nnn
yxx  

14.  01912
212


 nnn
yyx  

15.  024
312


 nnn
yyx  

16.  01912
322


 nnn
yyx  

17.  07211912
213


 nnn
yyx  

18.  0721456
313


 nnn
yyx  

19.  01912
323


 nnn
yyx  

2.2 Each of the following expression represents a cubic 

integer 
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xiv.  
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2.3 Each of the following expression represents a bi-quadratic 

integer 
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2.4 Each of the following expression represents a nasty 

number

 

i.  97201807740
810

1
3222


 nn
xx  

ii.  369360180293940
30780

1
4222


 nn
xx  

iii.  324180144
27

1
2222


 nn
yx  

iv.  61561804896
513

1
3222


 nn
yx  

v.  233604180185904
19467

1
4222


 nn
yx  

vi.  97207740293940
810

1
4232


 nn
xx  

vii.  61567740144
513

1
2232


 nn
yx  

viii.  32477404896
27

1
3232


 nn
yx  

ix.  61567740185904
513

1
4232


 nn
yx  

x.  233604293940144
19467

1
2242


 nn
yx  

xi.  61562939404896
513

1
3242


 nn
yx  

xii.  324293940185904
27

1
4242


 nn
yx  

xiii.  38884896144
324

1
2232


 nn
yy  

xiv.  147744185904144
12312

1
2242


 nn
yy  



International Journal of Emerging Technologies in Engineering Research (IJETER)   

Volume 6, Issue 5, May (2018) www.ijeter.everscience.org  

  

 

 

ISSN: 2454-6410                                               ©EverScience Publications     10 

    

xv.  38881859044896
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2.5  Each of the following expression represents a quintic 

integer 
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 2.6 Remarkable Observation 

  
I. Employing linear combinations among the 

solutions of (1), one may generate integer solutions for other 

choices of hyperbola which are presented in Table: 2.6.1 

below. 

 

Table : 2.6.1 HYPERBOLAS 

S.N
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HYPERBOLAS  nn YX ,  

1. 2624400010 22 
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II. Employing linear combinations among the solutions of (1), 

one may generate integer solutions for other choices of 

parabola which are presented in Table: 2.6.2 below: 

Table: 2.6.2 PARABOLAS 

S.

N

O 

PARABOLAS  nn YX ,  

1. 262440008100 2 
nn
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4. 105267605130 2 
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3242

2580154920

,102648990816
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13. 41990403240 2 
nn  
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nn

 

 
  

















31
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nn

nn

yy
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2.7 Generation of Pythagorean triangle 

2.7.1   Let p, q be the non-zero distinct integers such that 

11 


nn
yxp , 

1


n
yq  

Note that 0 qp  treat p, q as the generators of 

Pythagorean triangle  ZYXT ,, where 

    
pqX 2  , ,22 qpY  ,22 qpZ  0 qp  

Let A, P represents the area and perimeter of Pythagorean 

triangle. Then the following results are observed. 

(i) 2745  ZYX  

(ii) 
11

2



nn

yx
P

A
 

(iii)      
P

A
YX

4
   is written as the sum of two squares. 

(iv) 









P

A
X

4
3    is a Nasty number. 

(v) )(3 YZ 
  

is a Nasty number. 

(vi) XZ   is a perfect square 

 

2.7.2   Let p, q be the non-zero distinct integers such that 

11 


nn
yxp , 

1


n
yq  

Note that  0 qp  treat p, q as the generators of 

Pythagorean triangle  ZYXT ,, where 

      pqX 2 , 22 qpY  , 22 qpZ  , 0 qp  

Let A, P represents the area and perimeter of Pythagorean 

triangle. In this case, the corresponding Pythagorean triangle 

satisfies the relation 5445  ZXY  

 

3.       CONCLUSION 

In this paper, we have presented infinitely many  integer 

solutions for the Diophantine equations represented by 

hyperbola is given by 2752 22  yx . As the binary 

quadratic Diophantine equations are rich in variety, one may 

search for the other choices of equations and determine their 

solutions among the suitable properties. 
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