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Abstract – The hyperbola represented by the binary quadratic 

equation 2752 22  yx  is analyzed for finding its non-zero 

distinct integer solutions. A few interesting relations among its 

solutions are presented. Also, knowing an integral solution of the 

given hyperbola, integer solutions for other choices of 

hyperbolas and parabolas are presented. Also, employing the 

solutions of the given equation, special Pythagorean triangle is 

constructed. 
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1. INTRODUCTION 

The hyperbola represented by the Diophantine equations of 

the form )0,,(,22  cbaNbyax  are rich in variety and 

have been analyzed by many mathematicians for their 

respective integer solutions for particular values of ba , and  

N . For an extensive review, one may refer [1-16]. 

This communication concerns with the problem of obtaining 

non-zero distinct integer solutions to the binary quadratic 

equation given by 2752 22  yx   representing hyperbola. A 

few interesting relations among its solutions are presented. 

Knowing an integral solution of the given hyperbola, integer 

solutions for other choices of hyperbolas and parabolas are 

presented. Also, employing the solutions of the given 

equation, special Pythagorean triangle is constructed. 

2. METHOD OF ANALYSIS 

The binary quadratic equation representing hyperbola is given 

by                                                                                                      

2752 22  yx                                                      (1)    

Taking   
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in (1), it reduced to the equation  

  910 22                                       (3) 

The smallest positive integer solution  00 , XT  of (3) is 

                      ,1
0
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0
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To obtain the other solution of (3), consider the Pellian 

equation 

  110 22                                        (4) 

whose smallest positive integer solution is 
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
~

,
~

 of (4) is given by 
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Since  irrational roots occur in pair , we have 
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From (5) and (6), solving for 
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
~

,
~

 , we have
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 Applying Brahmagupta lemma between the solutions 

 
00

,  and  
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
~

,
~

. The general solution  
11

,



nn

 of (3) 

is found to be 

  
nnn




~~
001

 

  
nnn




~
10

~
001

 

   
nnn

fg
2

1

102

1
1




         (7) 



International Journal of Emerging Technologies in Engineering Research (IJETER)   

Volume 6, Issue 5, May (2018) www.ijeter.everscience.org  

  

 

 

ISSN: 2454-6410                                               ©EverScience Publications     8 

    

  
nnn

gf
2

10

2

1
1




         (8) 

Using (7) and (8) in (2), we have 

 111 5   nnn TXx
nn

gf
102

15
3                         (9)  

nnnnn
gfy

10

6

2

3
2

111



                     (10) 

Thus (9) and (10) represent the integer solutions of hyperbola 

(1). 

A few numerical examples are given in the following Table: 

2.1 below: 

Table: 2.1 NUMERICAL EXAMPLES 

n  1nx
 1ny

 

-1 6 3 

0 204 129 

1 7746 4899 

2 294144 186033 

Recurrence relations for x and y are 

...1,0,1,038
123




nxxx
nnn  

 
...1,0,1,038

123



nyyy

nnn  

2.1 A few interesting relations among the solutions are given       

below 

1. 03019
121


 nnn
yxx  

2. 03019
221


 nnn
yxx  

3. 03072119
321


 nnn
yxx  

4.  01140721
131


 nnn
yxx  

5.  060
231


 nnn
yxx  

6.  01140721
331


 nnn
yxx  

7.  01912
211


 nnn
yyx  

8.  03019
221


 nnn
yxx  

9.  01972112
321


 nnn
yyx  

10.  0721456
311


 nnn
yyx  

11.  03019721
132


 nnn
yxx  

12.  03019
232


 nnn
yxx  

13.  03019
332


 nnn
yxx  

14.  01912
212


 nnn
yyx  

15.  024
312


 nnn
yyx  

16.  01912
322


 nnn
yyx  

17.  07211912
213


 nnn
yyx  

18.  0721456
313


 nnn
yyx  

19.  01912
323


 nnn
yyx  

2.2 Each of the following expression represents a cubic 

integer 

i.  
214333

903870301290
810

1



nnnn

xxxx  

ii.  
315333

901469703048990
30780

1



nnnn

xxxx  

iii.  
113333

90723024
27

1



nnnn

yxyx  

iv.  
214333

90244830816
513

1



nnnn

yxyx  

v.  
315333

90929523030984
19467

1



nnnn

yxyx  

vi.  
325343

3870146970129048990
810

1



nnnn

xxxx  

vii.  
123343

387072129024
513

1



nnnn

yxyx  

viii.  
224343

387024481290816
27

1



nnnn

yxyx  

ix.  
325343

387092952129030984
513

1



nnnn

yxyx  

x.  
133353

146970724899024
19467

1



nnnn

yxyx  

xi.   
234353

146970244848990816
513

1



nnnn

yxyx  

xii.  
335353

146970929524899030984
27

1



nnnn

yxyx

 

xiii.  
123343

24487281624
324

1



nnnn

yyyy  
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xiv.  
133353

92952723098424
12312

1



nnnn

yyyy  

xv.  
234353

92952244830984816
324

1



nnnn

yyyy  

2.3 Each of the following expression represents a bi-quadratic 

integer 

i. 
 

 

  



















13122003012904

243001044900

810

1
2

21

5444

2

nn

nn

xx

xx
 

ii. 
 

 

  



















189481680030489904

9235001507912200

30780

1
2

31

6444

2

nn

nn

xx

xx
 

iii. 
 

 

  



















145830244

810648

27

1
2

11

4444

2

nn

nn

yx

yx
 

iv. 
 

 

  



















526338308164

15390418608

513

1
2

21

5444

2

nn

nn

yx

yx
 

v. 
 

 

  



















75792817830309844

584010603165528

19467

1
2

31

6444

2

nn

nn

yx

yx
 

 

vi. 
 

 

  



















75792817830309844

584010603165528

19467

1
2

31

6444

2

nn

nn

yx

yx
 

vii. 
 

 

  



















5263381290244

66177012312

513

1
2

12

4454

2

nn

nn

yx

yx
 

viii. 
 

 

  



















145812908164

3483022032

27

1
2

22

5454

2

nn

nn

yx

yx
 

ix. 
 

 

  



















5263381290309844

66177015894792

513

1
2

32

6454

2

nn

nn

yx

yx
 

x. 
 

 

  



















75792817848990244

953688330467208

19467

1
2

13

4464

2

nn

nn

yx

yx
 

 

xi. 
 

 

  



















526338489908164

25131870418608

513

1
2

23

5464

2

nn

nn

yx

yx
 

xii. 
 

 

  



















145848990309844

1322730836568

27

1
2

33

6464

2

nn

nn

yx

yx
 

xiii. 
 

 

  



















209952816244

2643847776

324

1
2

12

4454

2

nn

nn

yy

yy
 

xiv. 
 

 

  



















30317068830984244

381475008295488

12312

1
2

13

4464

2

nn

nn

yy

yy
 

xv. 
 

 

  



















209952309848164

10038816264384

324

1
2

23

5464

2

nn

nn

yy

yy
 

2.4 Each of the following expression represents a nasty 

number

 

i.  97201807740
810

1
3222


 nn
xx  

ii.  369360180293940
30780

1
4222


 nn
xx  

iii.  324180144
27

1
2222


 nn
yx  

iv.  61561804896
513

1
3222


 nn
yx  

v.  233604180185904
19467

1
4222


 nn
yx  

vi.  97207740293940
810

1
4232


 nn
xx  

vii.  61567740144
513

1
2232


 nn
yx  

viii.  32477404896
27

1
3232


 nn
yx  

ix.  61567740185904
513

1
4232


 nn
yx  

x.  233604293940144
19467

1
2242


 nn
yx  

xi.  61562939404896
513

1
3242


 nn
yx  

xii.  324293940185904
27

1
4242


 nn
yx  

xiii.  38884896144
324

1
2232


 nn
yy  

xiv.  147744185904144
12312

1
2242


 nn
yy  
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xv.  38881859044896
324

1
3242


 nn
yy  

2.5  Each of the following expression represents a quintic 

integer 

i. 
 

 




























2

1

3

21

6555

3

98415000

42318450003012905

19683000846369000

810

1

n

nnn

nn

x

xxx

xx

 

ii. 
 

 









































3

1

3

31

75

55

3

001421112600

800002320676875

30489905

02842225200

60004641353751

30780

1

n

n

nn

n

n

x

x

xx

x

x

  

iii. 
 

 




























1

1

3

11

5555

3

109350

8748030245

2187017496

27

1

n

nnn

nn

y

xyx

yx

 

iv. 
 

 




























2

1

3

21

6555

3

39475350

1073729520308165

7895070214745904

513

1

n

nnn

nn

y

xyx

yx

 

 

v. 
 

 









































3

1

3

31

75

55

3

05684461335

78805870911666

30309845

01136892267

35761174182333

19467

1

n

n

nn

n

n

y

x

yx

y

x

 

vi. 
 

 




























32

3

32

7565

3

4231845000001607116950

1290489905

84636900003214233900

810

1

nn

nn

nn

xx

xx

xx

 

vii. 
 

 




























12

3

12

5565

3

169744005031580280

1290245

3394880106316056

513

1

nn

nn

nn

yx

yx

yx

 

viii. 
 

 




























22

3

22

6565

3

47020502974320

12908165

940410594864

27

1

nn

nn

nn

yx

yx

yx

 

ix. 
 

 




























32

3

32

7565

3

169744005004077014148

1290309845

3394880108154028296

513

1

nn

nn

nn

yx

yx

yx

 

x. 
 

 




























13

3

13

5575

3

0550928272536004547569068

48990245

011018565450729095138136

19467

1

nn

nn

nn

yx

yx

yx

 

xi. 
 

 




























23

3

23

6575

3

064463246551073729520

489908165

01289264931214745904

3̀51

1

nn

nn

nn

yx

yx

yx

 

xii. 
 

 




























33

3

33

7575

3

178568550112936680

48990309845

3571371022587336

27

1

nn

nn

nn

yx

yx

yx

 

xiii. 
 

 




























5565

3

12

5565

3

42830208012597120

816245

856604162519424

324

1

nn

nn

nn

yy

yy

yy

 

xiv. 
 

 




























13

3

13

5575

3

2480234836014901819024128

30984245

49646967202983638048256

12312

1

nn

nn

nn

yy

yy

yy

 

xv. 
 

 




























23

3

23

6575

3

01626288192428302080

309848165

32527638485660416

324

1

nn

nn

nn

yy

yy

yy

 

 2.6 Remarkable Observation 

  
I. Employing linear combinations among the 

solutions of (1), one may generate integer solutions for other 

choices of hyperbola which are presented in Table: 2.6.1 

below. 

 

Table : 2.6.1 HYPERBOLAS 

S.N

O 
HYPERBOLAS  nn YX ,  

1. 2624400010 22 
nn

 
 
 















12

21

4080120

,301290

nn

nn

xx

xx
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2. 
0378963360010 22 

nn
YX

 

 
 















13

31

154920120

,3048990

nn

nn

xx

xx
 

3. 2916010 22 
nn

 
 
 















11

11

60120

,3024

nn

nn

xy

yx
 

4. 1052676010 22 
nn

 
 
 















12

21

2580120

,30816

nn

nn

xy

yx
 

5. 
0151585635610 22 

nn

 

 
 















13

31

97980120

,3030984

nn

nn

xy

yx

 

7. 1052676010 22 
nn  

 
 















21

12

604080

,129024

nn

nn

yy

yx

 

8. 2916010 22 
nn  

 
 















22

22

25804080

,1290816

nn

nn

xy

yx

 

9. 1052676010 22 
nn  

 
 















23

32

979804080

,129030984

nn

nn

xy

yx

 

10 
0151585635610 22 

nn
YX

 

 
 















31

13

60154920

,4899024

nn

nn

xy

yx

 

11. 1052676010 22 
nn  

 
 















32

23

2580154920

,48990816

nn

nn

xy

yx

 

12. 2916010 22 
nn  

 
 















33

33

97980154920

,489930984

nn

nn

xy

yx

 

13. 419904010 22 
nn  

 
 















21

12

602580

,81624

nn

nn

yy

yy

 

14. 
606341376010 22 

nn

 

 
  















31

13

6097980

,3098424

nn

nn

yy

yy

 

15. 419904010 22 
nn  

 
 















32

23

258097980

,30984816

nn

nn

yy

yy

 

 

II. Employing linear combinations among the solutions of (1), 

one may generate integer solutions for other choices of 

parabola which are presented in Table: 2.6.2 below: 

Table: 2.6.2 PARABOLAS 

S.

N

O 

PARABOLAS  nn YX ,  

1. 262440008100 2 
nn

 

 
  

















12

3222

4080120

,1620301290

nn

nn

xx

xx

 

2. 03789633600307800 2 
nn

 
 
  

















13

4222

154920120

,615603048990

nn

nn

xx

xx

 

3. 29160270 2 
nn

 

 
  

















11

2222

60120

,543024

nn

nn

xy

yx

 

4. 105267605130 2 
nn

 
 
  

















12

3222

2580120

,102630816

nn

nn

xy

yx
 

5. 01515856356194670 2 
nn  

 
  

















12

4222

97980120

,389343030984

nn

nn

xy

yx

 

6. 262440008100 2 
nn  

 
  

















23

4232

1549204080

,1620129048990

nn

nn

xx

xx

 

7. 105267605130 2 
nn  

 
  

















21

2232

604080

,1026129024

nn

nn

yy

yx

 

8. 29160270 2 
nn  

 
  

















22

3232

25804080

,541290816

nn

nn

xy

yx

 

 9. 105267605130 2 
nn  

 
  

















23

4232

979804080

,1026129030984

nn

nn

xy

yx

 

10. 01515856356194670 2 
nn  

 
  

















31

2242

60154920

,389344899024

nn

nn

xy

yx

 

11. 105267605130 2 
nn  

 
  

















32

3242

2580154920

,102648990816

nn

nn

xy

yx

 

12. 29160270 2 
nn  

 
  

















33

4242

97980154920

,54489930984

nn

nn

xy

yx
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13. 41990403240 2 
nn  

 
  

















21

2232

602580

,64881624

nn

nn

yy

yy

 

14. 
6063413760123120 2 

nn

 

 
  

















31

2242

6097980

,246243098424

nn

nn

yy

yy

 

15. 41990403240 2 
nn  

 
  

















32

3242

258097980

,64830984816

nn

nn

yy

yy
 

 

2.7 Generation of Pythagorean triangle 

2.7.1   Let p, q be the non-zero distinct integers such that 

11 


nn
yxp , 

1


n
yq  

Note that 0 qp  treat p, q as the generators of 

Pythagorean triangle  ZYXT ,, where 

    
pqX 2  , ,22 qpY  ,22 qpZ  0 qp  

Let A, P represents the area and perimeter of Pythagorean 

triangle. Then the following results are observed. 

(i) 2745  ZYX  

(ii) 
11

2



nn

yx
P

A
 

(iii)      
P

A
YX

4
   is written as the sum of two squares. 

(iv) 









P

A
X

4
3    is a Nasty number. 

(v) )(3 YZ 
  

is a Nasty number. 

(vi) XZ   is a perfect square 

 

2.7.2   Let p, q be the non-zero distinct integers such that 

11 


nn
yxp , 

1


n
yq  

Note that  0 qp  treat p, q as the generators of 

Pythagorean triangle  ZYXT ,, where 

      pqX 2 , 22 qpY  , 22 qpZ  , 0 qp  

Let A, P represents the area and perimeter of Pythagorean 

triangle. In this case, the corresponding Pythagorean triangle 

satisfies the relation 5445  ZXY  

 

3.       CONCLUSION 

In this paper, we have presented infinitely many  integer 

solutions for the Diophantine equations represented by 

hyperbola is given by 2752 22  yx . As the binary 

quadratic Diophantine equations are rich in variety, one may 

search for the other choices of equations and determine their 

solutions among the suitable properties. 
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